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Let K and K′ be any classes of sets. We consider the following new classes (representing a
kind of polynomial logic over complexity classes):

∃K =def { A | x ∈ A ↔ (∃pz)[(x, z) ∈ B] for all x, appropriate B ∈ K, polynomial p }
∀K =def { A | x ∈ A ↔ (∀pz)[(x, z) ∈ B] for all x, appropriate B ∈ K, polynomial p }

coK =def { A | A ∈ K }
K ∧ K′ =def { A ∩B | A ∈ K, B ∈ K′ }
K ∨ K′ =def { A ∪B | A ∈ K, B ∈ K′ }

Exercise 1.

Prove the following equalities:

(a) ∃NP = NP

(b) ∀coNP = coNP

Exercise 2.

Which pairwise inclusion-relationships hold for the following five classes?

NP ∪ coNP, NP ∨ coNP, NP ∧ (NP ∩ coNP), NP, NP ∧ (NP ∪ coNP)

Exercise 3.

Which complexity classes in the polynomial hierarchy are captured by the following classes?

(a) ∃(NP ∧ coNP)

(b) ∀(NP ∧ coNP)

(c) ∃(NP ∨ coNP)

(d) ∀(NP ∨ coNP)

(e) ∀(NP ∨ ∃(coNP ∧ ∀NP))


